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Abstract 

The derivation scheme for hyperspherical harmonics (HSH) with arbitrary arguments is proposed. 
It is demonstrated that HSH can be presented as the product of HSH corresponding to spaces with 
lower dimensionality muhiphed by the orthogonal ( Jacobi or Gegenbauer) polynomial. The relation 
of HSH to quantum few-body problems is discussed. The explicit expressions for orthonormal HSH 
in spaces with dimensions from 2 to 6 are given. The important particular cases of four- and six- 
dimensional spaces are analyzed in detail and explicit expressions for HSH are given for several 
choices of hyperangles. In the six-dimensional space, HSH representing the kinetic energy operator 
corresponding to i) the three-body problem in physical space and ii) four-body planar problem are 
derived. 
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I. INTRODUCTION 



The hyperspherical harmonics (HSH) are an important tool in the study of quantum few- 
body systems. This is caused by the fact that the kinetic-energy operator of an A^-particle 
system is equivalent to the Laplace operator in the space of 3N dimensions (or 2N, in the 

ied to specific physical 



2|, y, IJ] and a book 



case of planar systems) . The amount of papers in which HSH are app^ 
problems is very large. We mention only few recent review articles 

i 

HSH are functions of d—1 dimensionless variables (hyperangles) which describe the points 
on the hypersphere. Of course, the choice of hyperangles is not unique and it is the matter 
of convenience. The only exception is the three-dimensional space, where the arguments of 



the spherical harmonics are conventional spherical angles 6 = arccos z/a/x^ + + 2;^ and 
(j) = arctanx/y. The generalization of this definition on spaces with (i > 3 is the following. 
Let r = (xi,X2, . . . ,Xd) be the d-dimensional radius- vector, then the hyperspherical angles 



are defined by the equations 



xi = R cos 6*1, 



X2 = R sm9i 008 02, 



X3 = R sin 9i sin 62 cos 6^3 



(1) 



Xd-i = R sin 9i . . . sin 9d-2 cos (j) 

Xd = R sm9i . . . sin 9d-2 sin 
where (/) e [0, 27r), 9^ e [0,7i], k = 1,2, . . . ,d - 2. 

The J-th rank HSH (f ) is defined by the Laplace equation 



(2) 



where A = Ylk=i d'^ /dxl and e denotes the set of indices which label different HSH of the 
same rank. 

The explicit expression for HSH depending on the hyperspherical angles ([1]) is well-known 
(see eq.(11.2.23) of [6]). It is given by the product of Gegenbauer (ultraspherical) polyno- 
mials, so that A;-th polynomial in the product depends on cos6'fc. 

However, in many physical applications the set of hyperspherical angles is not convenient. 

For example, in the quantum three-body problem one has to deal with six-dimensional vector 

space being the product of two three-dimensional spaces corresponding to the Jacobi vectors, 

see fig. [H Thus, in this case it is more adequate to parametrize the arguments of HSH by 

m 2 




n 

FIG. 1: Jacobi vectors for the three-body system. CM23 is the center of mass of the pair m2,m3. 



the spherical angles of the three-dimensional vectors ri,r2. Further aspects of the choice 
of coordinates in Jhe three-body problem including analysis of the permutational symmetry 
are discussed in 

HSH in 3A^-dimensional space depending on the spherical angles of N three-dimensional 
vectors may serve as a convenient basis for the decomposition of the wave function of the 
quantum many-particle system. The arguments of corresponding HSH comprise apart of 
IN three-dimensional spherical angles of vectors ri, . . .r^v also — 1 hyperangles which 
describe the lengths ri,r2, . . . r^r. Again, there is freedom in choice of the hyperangles. For 
example, one can define the hyperangles similarly to ([1]) by replacing — ^ r^. Such set of 



3 



the hyperangles was used in [9| where the exphcit expressions for the corresponding HSH 
have been derived by means of the exphcit solution of the Laplace equation. 

The physical nature of the problem may suggest different choice of the connection of 
the hyperangles with the vectors desribing the system. Thus, the problem is how to derive 
the explicit expression for HSH corresponding to various choices of their arguments. The 



conventional approach 



10|], consists in the transformation of the Laplacian to the 



desired hyperangular variables with the subsequent solution of the ensuing partial differential 



equation. Such approach has been used in 



where the number of relations for HSH has 



been presented using the so-called "method of trees" . 

It is desirable to develop the technique of the derivation of HSH which would not require 
the transformation of the Laplacian. In the presented paper such the technique is proposed. 
It allows one to derive the expressions for HSH depending on arbitrary set of hyperangles. 
The technique is based on the concept of zero-length vectors proposed initially by Cartan 



5ies. 



12|. The developed calculation scheme is recursive, i.e. HSH in space with higher dimensions 
is presented as the product of lower-dimensional HSH with some weight function being an 
orthogonal polynomial. As the examples of the proposed technique, various representations 



for HSH in spaces with d = 2,3, 4, 5, 6 are derived. 



II. THE GENERAL FORMALISM 

Below the expression for the scalar product of HSH is derived in sec. Ill A[ Next, in 
sec. IIIBI several general expressions for HSH are derived in terms of lower-rank HSH. The 
final expressions for normalized HSH and surface elements in (i-dimensional space are given 
in sec. Ill CI 
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A. The scalar product of HSH 

It is important that the expression for the scalar product of HSH can be derived without 
the knowledge of their explicit form. In order to demonstrate this, let us consider the scalar 
function /j(r, r') defined by 

fj{T,T') = r''^'-'ir'-Vy^^, (3) 

where r, r' are d-dimensional vectors. Obviously, fj is an homogeneous polynomial of degree 
J with respect to the components of r or r'. Namely, 

/j(ar,/3r') = {af^Y fj{r,r'), a, (3 = const. (4) 

One can prove that fj satisfies the Laplace equation with respect to both vectors r and r'. 
Indeed, 

A'/j = Jr2-^+^-2 (V ■ V) (r' ■ Vy-'^ = J{J - 1) r2^+^-2 A (r' ■ V)^"'^ = 0. (5) 

Here, A' and V act on the components of r'. We have also used the identity Ar^"'^ = and 
the fact that the differential operations are commutative. The proof of A/j = is somewhat 
more lengthy, 

A/, = 2(2 J + d-2) {^-^^^f^ fj + r''^'^' (r ■ V)(r' ■ V)^^) . (6) 

Using the operator identity 

(r' ■ V)-'(r . V) = J (r' ■ V)^ + (r • V)(r' • V)"' (7) 

one can transform the second term in ([6]) to 

(r • V)(r' ■ V)^^ = [(r' . V)^(r ■ V) - J (r' ■ V)^] ^,=-{J + d- 2)(r' ■ V)^^. (8) 
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The substitution of this identity into ([6]) completes the proof of the equation A/j = 0. 

The function /j(r, r') is J-th order homogeneous polynomial satisfying the Laplace equa- 
tions A/j = A'/j = is scalar and, therefore, it can be nothing else than the scalar product 
of two HSH of rank J, 



/,(r,r') = (rr')^ 5^ [/f/(f')]*^/(f)- 



(9) 



The explicit form of fj can be calculated as follows. First, we note that the gradient 
operators in ([3]) can be replaced with the derivatives. 



2J+d-2 



1 



dt-J |r + tr'|^-2 



d' 



-I V r 



J ^2 J 



(10) 



t=o dt-J (1 - 2^(tr'/r) + {tr'/ryyi^-^ 
where ^ = (f' ■ f) is the cosine of the angle between r' and r. Noting that the function to 
be differentiated coincides with the generating function for Gegenbauer (or ultraspherical) 



polynomials 



fj 



^] we can write, 
d' 



CO /, i\ n 

tr ^ 



n=0 



-rr'V JICT'^ 



(0- 



(11) 



At this stage, we note that HSH are defined up the some normalization factor which can be 
an arbitrary number independent of r, r'. Thus, the scalar product of HSH ^ expresses as 

[Hi{v')Y Hi{i) = Af Cf-\i' . f), (12) 

e 

where A^f^ is the normalization constant and Cj^^ ^(f' ■ f) is the J-th order Gegenbauer 
polynomial. 



B. The construction of d-dimensional HSH 

The main idea is based on the fact that the scalar product (a ■ r)"^ for "zero-length" 
vectors a (i.e. for (a ■ a) = 0) satisfies the Laplace equation. The proof is very simple, 

A(a • r)^ = J (a • V) (a ■ r)^-^ = J( J - 1) (a ■ a) (a ■ r)^-^ = 0. (13) 
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The condition (a • a) = means that some components of the zero-length vector a must be 
complex numbers. Let us choose the components of a to be 

a= (b«,ibd_«), K<d, (14) 

where d is the dimensionality of a and r. The real unit vectors and b^-^ have dimen- 
sionalities K, and d — K, respectively. It is easy to see that the zero-length condition is 
met 

a • a = (b,)' + ha-.f = 1-1 = 0. (15) 
Let us parametrize the (i-dimensional radius- vector r as 

r=(r«, rd_«). (16) 

It is more convenient to work with unit vectors so that 

r« =r«f« = r cos^^f^, 

(17) 

rd-K =rd-K^d-K = r sin6'«fd-K, 

where 9^ G [0, 7r/2] and the hyper-radius is defined by r'^ = r\-\- r^_^ = Ylt.=i ^n- Note that 
the above parametrization implies that both k > 1 and (d — k) > 1. It is important to note 
that we are not making any assumptions about the parametrization of the unit vectors f ^ 
and Td-K- 

Suppose that explicit expressions for HSH with the dimensionalities k, {d — k) are known. 
Then, one can obtain an expression for the d-dimensional HSH as the product of known HSH 
with some weight function. We begin the proof of this statement by writing 

(a • r)^ = [(b« ■r,)+z (b,_« • Vd-,)]' = ('^)^''"' (b^ • r^Y i^d-. ■ Vd-.y-'. (18) 
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Now we expand the scalar products over the Gegenbauer polynomials which, in turn, are 
the scalar products of HSH. Namely, 

;=o 1=0 e 

Here, e denotes the set of (k— 2) projection indices of HSH, b'^^^ are the expansion coefficients 
which can be calculated using the orthogonality of Gegenbauer polynomials. Omitting 
details of the computations, we present only the final expression for b'^^^ 



g! (/ + /./2-l)r(/s:/2-l)r(n + l/2) 

where integer n > and aq^i = [1 + {-l)''-^]/2. Thus, B^^;^ = if g and Z have different 
parities. 

Substituting equation ( fT9l) and the similar equation for (hd^K ■ '^d-nY"'^ into ( fTSi) . the 
scalar product (a ■ r)"' can be written as 

(a ■ = Y. [Hl(y>.)H'^(K..)] ' Ji^. (21) 

1,1' ^l' 

where the functions Hf^ j,^, (f ) are defined by the product 

i/,i,,,,(f) = Hiir,)H^;,ir,-.) h^.ie,), (22) 
where hfiiiO^) denotes the summation 

hUOn) = E Ciy'-' (^^^(^^r {sme^y-'B^;^ Bf-_%,. (23) 

Noting that the action of the Laplace operator on (12T|) gives A(a ■ r)-^ = 0, and, since Ijk 
and hd-K are arbitrary vectors, we arrive at the identity 

A[r^i/,i,,,,(f)] =0. (24) 
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Therefore, H^^ are d-dimensional hyperspherical harmonics of the rank J with projection 
indices /e, I'e' . 

The exphcit form of the functions h{i,{0^) defined by ([2SD is derived in the Appendix Rl 
where it is shown that h^, are proportional to the Jacobi polynomials, see eq. (lA2p . 

The above consideration was performed under an assumption that k > 1 and d — n > 1. 
Thus, the case k = 1 needs special consideration. First, we parametrize the radius- vector r 
as 

r = r(cos^, sin^fd_i), ^G[0,7r]. (25) 

Again, no assumptions are made about the parametrization of the components of the unit 
[d — l)-dimensional vector f^-i- 

We choose the parametrization of the zero-length vector a to be 

a=(l, zb), (26) 

where b is the unit real {d — l)-dimensional vector. The expansion of the scalar product 
(a ■ r)'^ has the form 

(a ■ r)-^ = [1 + z (b ■ rd^i)Y = V i^"^ (cos Oy-" (sin ey-'' (b ■ r^^i)^. (27) 

Decomposing the scalar product (b • r^.i)^ using eq. (fT^ (where k = d — 1) we can re-write 
the above equation as 

(a.r)'' = r^j:[ff;(b)]-^. (28) 

where the d-dimensional HSH Hy{i) is the product of {d — l)-dimensional HSH and the 
function of 9 

Hi{v) = gi{e)Hi{v,_,), (29) 
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where QiiO) are defined similarly to (1231) . 



This summation evaluates in a closed form as the Gegenbauer polynomial, see eq. flASp of 
Appendix [Al 

C. Orthogonality and normalization 

It is important that HSH defined by (122]) form an orthogonal set on the d-dimensional 
hypersphere. In order to demonstrate this we have to derive the expression for the surface 
element on the hypersphere 

dr = r'^-^ dr dVLd = dr^ dvd-K = r^'^dr^ r'^Z^'^dra-^dn^ dVLd-n- (31) 

Noting that dr,^ dr^-K = ^dr dOk and using the hyperspherical parametrization (II 7p of 
rf^,rd-K, the surface element of the ci-dimensional hypersphere is 

dn^ = (cos e^r~' (sin e,)''-^-^ de^ dn^ dn^-n. (32) 

The orthogonality of HSH (122]) follows from the orthogonality of k- and {d — k) -dimensional 
HSH and properties of Jacobi polynomials [6|. The same is also true for HSH defined by 

Assuming that k- and (rf — fi;)-dimensional HSH Hl{i^) and H''^,{vd-K) are normalized, the 
normalized d-dimensional HSH can be written as 

Yi.Av) = H[{K)H':,{rd-.)yi,{e,), (33) 

where the functions are proportional to Jacobi polynomials P^'^\ 

ViAO^) = Nfif {cose J {sine J' pi''"''''^''"'"'^\cos2^«), (34) 
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where A = {J — I — V) /2. Note that yfi, is non-zero only for A being an integer number. The 
normahzation constant in the above equation is defined by 



j.j{d,K) 
JIV 



(2J - 2 + d) A! r(A + / + r + d/2 - 1) 
r(A + 1' + {d- k)/2) r(A + / + k/2) 



1/2 



(35) 



The orthogonahty relation for functions yiiiiOn) has the form 



7r/2 



yi'{o.)yu'{o.) (cos0.)«-Msin0, 



\d—K—l 



(36) 



In the case k = 1 the orthonormal HSH can be written as the product of {d — 1)- 
dimensional normalized HSH Hl{Ta_i) and the function yf{6), 



Yii{r) = yfie)Hl{h-il 



yi{e) = Nf {sin eycy_] 



I 



(37) 



cos I 



where Cj_f^ {cos 6) is the Gegenbauer polynomial and the normalization coefficient is given 
by 



d- 1 



22'+'^(J+(d-l)/2)(J-/)! 



Att{J + l + d-2)\ 
The orthogonality relation for the functions yf reads 



1/2 



(38) 



yf{e) yf{e){smer-'de = 6j, 



The above equations fl55]) - fl5^ constitute the main results of the presented paper. 



III. HSH IN SPACES WITH d = 2, . . . 6 



(39) 



Below we consider HSH in spaces with dimensionalities from two to six. This is necessary 
in order to establish the connection of the derived HSH with the expressions existing in 
literature (if any). 
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A. Two- and three- dimensional HSH 



The zero-length vector a = (1, z) and the radius- vector r = {x,y). Their scalar product 



IS 



{a-rr = {x + iyr = r"'e'""^, (40) 

where (j) is the polar angle, G [0,27r). Thus, the two-dimensional spherical (or, better, 
circular) normalized harmonics are 

pj rruj) 

y„(0) = -=, (41) 

y Zn 

Note that m > is the rank of HSH. However, by considering a = (1, —i) one obtains that 
exp {—m(f)) is HSH too. Therefore, in f HTl) the index m can be ±1, ±2, . . .. Note also that 
YU-^)=Y_U^) = Y^i^). 

The above expression for the two-dimensional HSH allows one to obtain three-dimensional 
HSH by using eq. (1371) of sec. Ill C[ The radius- vector r we decompose into the direct product 
of the one component parameter cos 6 and two-dimensional vector, so that 

r = r (cos 6, sin 6r2) = r (cos 6, sin 6 cos 0, sin 6 sin 0). (42) 

Inserting d = 2 and / = m into eqs. (I57|) and fl38p we obtain 



Ydi^) = y^iOA) = (2m- 1)!! y^ ^^^J ^ e^f {.i^dT C'';^:^\co,d). (43) 

These functions differ from the conventional spherical harmonics Yjm{6, 4>) only by the phase 



factor 
e.g. 



— 1)™. Clearly, all properties of are the same as of spherical harmonics (see 



13|) and we will not discuss them further. 
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B. Four-dimensional HSH 



The importance of the four- dimensional HSH stems from the fact that they represent the 
wave function of the liydrogen atom in the momentum space 



14l |. Also, in the momentum 



space HSH can be used as the Sturmian basis set w 



problems of quantum physics and chemistry 



lich was successfully applied to many 
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16|. 



There are two possibilities of representing the 4i5- vector: it can be split into either (1 + 3)- 
or (2 + 2)-dimensional vectors. Below, the explicit expressions for the corresponding HSH 
are derived. 



1. The parametrization by ID + 3D vectors 

The radius- vector is R = (coscj, sinu; f), where f = (cos 6', sin6'cos</), sin 6' sin 0) is the 
unit three-dimensional vector. 

According to the equations fl37|) and fl38|l . we have 

YiiiR) = Y,i{u;,9,<p) = n J + / + 1)!^' "^^ CjtMcosu;) 0)- (44) 

The orthogonality relation for these harmonics has the form 

/ {smcuydco sinOdO d<P [Yii{u;,e,(P)Y Y/;^,{u;,9,(P) = 5j,j,Si,,5m,m'. (45) 
^0 Jo Jo 

2. The 'parametrization by two 2D -vectors 

In this section we derive the expression for four- dimensional HSH depending on the angles 
of the radius- vector R represented by the two two-dimensional vectors ri and r2, 

R=(ri, r2), ri = ri (cos0i, sin0i), r2 = r2 (cos02, sin02), (46) 
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where 0i,02 £ [0,27r). We parametrize the lengths ri^2 by the hyperradius R = \/r\^ r\ 
and the hyperangle /3 as 

rx = R cos /?, ra = sin /3, /3 G [0, 7r/2). (47) 

In these coordinates, the integration over the four- dimensional hypersphere is given by (!32|) 
which in the above variables reads 

d£l^ = -\ sm2i3d(3 #1/ ci02. (48) 
2 Jo Jo Jo 

According eqs. (!33!) - (!35l) the orthonormal hyperspherical harmonics take the form 



(J+1)A! (A + mi + m2)! l jirm^.+m^^,) 
2(A + mi)!(A + m2)! J 

X (cos/5)'"Hsin/5)™^Pi'"''"^^(cos2/3), (49) 



where A = (J — mi — m2)/2 must be an integer number, otherwise Y^_^^^ = 0. Note also 
that this definition is valid for mi,m2 > 0. For negative values of indices the replacement 
(j) —0 must be used, e.g. 

Y:!^^^^{(3,<f>u<f>2) =Yl^^{(3, (jy^). (50) 
3y comparing equation (H9|) with the definition of the Wigner d-function (eq. (4.3.4. 13) 



of 



131]), one sees that they coincide up to some constant factor. Thus, one can choose the 



four-dimensional HSH to be 

Y,,A<Pu (3, 02) = 6^^'^+^)'^^ dl,,{2f3) e^^^-^^t>- (51) 

where j can be both integer and half- integer and the indices n,!^ = — j, — j + 1, . . . j. The 
connection of the quantum numbers jfiu with Jmim2 has the form 

J mi + m2 m2 - mi 

J=2, /i = ^ = ^^. (52) 
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HSH defined by (15T!) are orthogonal, 



27r /.27r 



7r/2 



JO JO + -1- 



(53) 



The scalar product of HSH flSTj) has the form 



(r,(R).r,(R'))= F,^.*(R)F,^.(R') = X^(cos^), 



(54) 



where ^"' (cosct;) is the character of the 0(3) group 



13| and 



cos = (R • R) = cos P cos P' cos(0i — (f>[) + sin P sin P' cos((/)2 — 02, 



(55) 



where u is the angle between 4D vectors R and R'. For the sake of completeness we present 



also the explict epxression for the character 



13| 



X^(cosu;) = Cljicosu) 



sin[(2j + 1)^] 
sinu; 



(56) 



We recall that the rank of HSH Yj^i, defined by ( ISTj) is equal to 2j. 

Thus, we have proved that the four-dimensional hyperspherical harmonics parametrized 
by the pair of two-dimensional vectors coincide with the Wigner Z)-functions which describe 



the trans: 



frame 



brmation of the three-dimensional harmonics under the rotation of the coordinate 



13| . This fact has many important consequences. For example, the Clebsch-Gordan 
bur- dimensional HSH can easily be obtained from the addition theorem 



coefficients for the 
for D-functions 17 1 



C. Five-dimensional HSH 

The five-dimensional space is of less importance from the point of view of physical ap- 
plications. However, it can play a role in the quantum problem of two interacting particles 
one of which is moving in the physical space and another one being restricting to a surface. 
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Accordingly, it is convenient to parametrize SD-vector R as the direct product of 2D- 
and 3D-vectors, 

R = (r2, rg) = i?(cos/3f2, sin/^fg), (57) 

where the unit vectors are 

^2 = (cos a, sin a), = {cos 6, sin cos sin sin <^). (58) 

The corresponding expression for 5D HSH can be obtained from eqs. (1551) - upon the 
substitutions d = 5 and k = 2, 

(2J + 3)A!(J + / + /i + l)!! 1 
vr 2/^+1 (A + /i)!(J + /-^ + l)!!_ 

xe^^°(cos/3)^(sin/3)'Pi'+^/''^)(cos2/3)rU^,0), X = ^ ~ ^ , (59) 

HSH Y^i^{Il) are non-zero only for integer values of A. The above definition of HSH is valid 
for /X > 0. In the opposite case the replacement a —a must be done in (l59l) so that 

y4,Ja,/3,^^,0) = r/,^(-a,/5,^,0). (60) 
D. Six-dimensional HSH 

The dimensionality of the three-body problem after the separation of the cm. motion is 
equal to six. Furthermore, the dimensionality of the kinetic-energy operator in the four-body 
problem can also be reduced to six after the separation of the collective rotations and cm. 
motion. This explains the importance of 6D HSH. 

Thus, the natural choice of the arguments of HSH would be the pair of 3D spherical 
angles plus the hyperangle describing the ratio of 3D vectors (sec. IIII D 111 . 

However, if the planar systems are considered, most useful would be the parametrization 
in terms of three planar angles plus two hyperangles (sec. IIII D 2p . 
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1. The parametrization by two three-dimensional vectors 

The six-dimensional radius-vector is R = i?(cosQ;fi, sinQ;f2); where fi^2 are unit three- 
dimensional vectors which can be, e.g. Jacobi vectors of three particles, see fig. [T] 

The integration over the solid angle of the six- dimensional hypersphere in these coordi- 
nates has the form 

d^le = - / (sin 2q;)^ (ia TT / smOkdOk / (61) 
^ Jo 1^^^ Jo Jo 

where 9k4>k are the spherical angles of the unit vector r^, k = 1,2. 

The expression for the orthonormal HSH is given by eqs. (!33l) - (!35l) where d = 6, k = 3, 

so that 

2^+3(J + 2)A!(A + /i + /2 + l)! 1 
7r(J + /i-/2 + l)!!(J-/i + /2 + l)n. 

X (cosa)'Hsina)'^Pf +^/'''^+^/')(cos2a)F,,^,(fi)ll,„,(f2). (62) 



Note that HSH are non-zero only for integer values of X = {J — li — I2) /2 > 0. 
2. The parametrization by three two-dimensional vectors 

We parametrize the radius- vector as R = (ri,R4), where ri = ri (cos0i, sin0i) and R4 
is 4D-vector composed of two 2Z}-vectors, so that 

R4 = (r2, rs) = (r2 cos 02, sin (f)2, cos (/)3, ra sin (t)^). (63) 

It is necessary to specify the parametrization of the lengths ri,r2,r3. We choose it to be 

ri = Rcos9, r2 = i?sin 6' cos/3, rs = sin 6* sin (64) 
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where 9,13 & [0,7r/2) and = r\ + r\ + r|. The integration over the angles of the six- 
dimensional hypersphere in the above coordinates has the form 

dn6 = - {smefsm2e d9 sin2/?c//? TT / dcPk- (65) 
4 Jo Jo j^^^ Jo 

Using eqs. (!33|) - (!35|) where d = 6, k, = 2 the orthonormal HSH can be written as 



(J + 2) A! (A + mi + Z + 1)! 



1/2 



7r(A + mi)!(A + / + l)! 

X e^-i<^^ {cosensmeypl!+'''^^\cos2e)Yi^^^{f3,<P2,h). 



(66) 



These functions are non-zero at non-negative integer values of A = {J — mi — l)/2 and 
(/ — 1712 — mL^)/2. As a consequence, we have that (J — mi — m2 — m^)/2 must also be 
a non-negative integer number. In ( !66l) the 4D HSH 'K^2m3(/^5 '/'s, ^s) can be defined by 
eq. din]) of sec. IIII B 2[ Again, the above equation flB^ is valid only form mi > 0. In the 
opposite case one has 



yJ 

l,—mim2m3 



(^,/3,01,02,03) = y;;^,^2^3(^,/3, -01, 02,03)- 



(67) 



IV. CONCLUSION 

In the presented paper the technique of the derivation of the hyperspherical harmonics 
with arbitrary arguments has been developed. This technique does not require the tedious 
procedure of the transformation of the Laplace operator to the set of desired variables. It 
allows one to obtain the explicit expressions for HSH depending on the variables which are 
most suited to the problem under consideration. For example, in the Helium atom problem 
the convenient set of variables comprises the spherical angles and lengths of the position 
vectors of the two electrons. In the calculation of the wave functions of three- and four- 
electron quantum dots the set of polar angles plus lengths of position vectors of electrons 

18 



is convenient. In both above problems, HSH may serve as a basis for the expansion of the 
wave function in order to transform Schrodinger equation to the matrix form. 

The main results of the paper are eqs. and (P7|) . (1551) of Sec. [IT] which de- 

fine orthogonal and normalized HSH in (i- dimensional space in terms of products of lower- 
dimensional HSH. As examples of the derived representations, the explicit expressions for 
HSH in spaces with dimensions from 2 to 6 have been derived in Sec IlIII 

Expressions for the four-dimensional HSH were presented for the two most important sets 
of variables, see Sec. 1111 BT] and Sec. 1111 B 2[ The importance of four-dimensional HSH stems 



from t 



space 



le fact that they represent the wave functions of the hydrogen atom in momentum 



Six-dimensional HSH depending on the spherical angles of two three-dimensional vectors 
and the hyperangle describing their ratio are analyzed in Sec. 1111 D 1[ These HSH are 



18 



igj. Note that 6D HSH given by the 



relevant to the quantum three-body problem 
expression fl62|) are not eigenf unctions of the operator of total angular momentum L = 
— z([ri X Vi] + [r2 X V2]). The set of HSH being eigenfunction of L can be constructed by 
;aking the linear combination of HSH flB^ with the conventional Clebsch-Gordan coefficients 



13|. 



The expression for the six- dimensional HSH which can be useful in planar quantum three- 
and four-body problems is derived in Sec. HHP 2[ In this case, HSH depend on the polar 
angles of three co- planar vectors and the two hyperangles which describe the relative lengths 
of those vectors. 

The application of HSH to A^-body problems requires the knowledge of the transformation 
properties of HSH under the particle exchange. Such properties depend on the connection 
of the position vectors of particles with the hyperangles and in every particular situation 
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must be analyzed separately. The procedure of the transformation of HSH under the particle 



20|. 



exchange is often referred to as "kinematic rotation" and is discussed e.g. in 

We emphasize that the method of zero-length vectors presented in Sec. IIIBI is quite 
general and can be used in oder to derive expressions for arbitrary sets of HSH, including 
non-orthogonal ones. Once the Cartesian components of the radius vector r are parametrized 
in terms of the hyperradius and hyperangles, J-th rank HSH will be given by the coeffcients 
in the expansion of the function (r ■ a)"' where a is an arbitrary constant zero-length vector, 
(a ■ a) = 0. Probably, this gives the most simple approach to the calculation of HSH. 

Finally, we note that the method proposed in this paper can also be applied to the 
problem of the calculation of Clebsch-Gordan coefficients in many- dimensional space. These 
coefficients allow one to evaluate many-dimensional integrals involving the products of HSH. 
Clebsch-Gordan coefficients are also necessary for the derivation of the multipole expansions 
of functions depending on several vector arguments. Examples of such multipole expansions 



of 



unctions depending on |R — R'| in three- and four-dimensional space may be found in 



17|,l2l|. 
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APPENDIX A: THE EXPLICIT FORM OF hf^, AND g/ 

In this section we calculate the functions h{ii{6^) defined by eq. (!23|) of the main text. 
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From the properties of the S-coefficients (l20l) it follows that hfi,{9i^) = for the combi- 
nation {J — I — I') = 2A being an odd number. Thus, A must always be an integer. 

Substituting eq. (12(1 and the similar identity for into eq. (1251) . after some simple 

transformations, we obtain 



'o-J V(-n^+" (/ + /s:/2-l)r(/./2-l) 
^ n\{\-n)\T{n + l + K/2 



+ / + k/2) 

^ C + (f - - 1) r((^ - >^)/2 - 1) (^^^ ,^y-,.>-.„ (^j) 



r(A-n + /' + (rf- k)/2) 
Here, the summation leads to the Jacobi polynomial 



6|, 



hiAo.) = Afif {cose J {sine J' pf -^+^''-^+t)| 



COS 26'.- 



(A2) 



where the coefficient A^-^^f^ is 



M.) ^ i'' {I + n/2 - 1) {V + {d- k)/2 - 1) T{k/2 - 1) T{{d - /t)/2 - 1) 
2-^r(A + /' + (d-/€)/2)r(A + / + fi:/2) 



The explicit expression for the function gf defined in ( I30ll is 

n^(e) ,'2-^71 A I d-3\ fd-3\^ i-insmey+'-i2oosey~^-'- 
3^^^^='^ V + ^l^\^l2^n\{J-l-2n)\T{l + n + d/2)- 



n=0 



(A3) 



(A4) 



The sum over n evaluates to the Gauss hypergeometric function which is equivalent to the 
Gegenbauer polynomial [g], 



^7/W = 4f (sin ^yC7_,^ (cos 



(A5) 



where 



A 



id) 
Jl 



2^+z-j-2^, ( ^ ^ p (d^] r(/ + (rf-l)/2) 

r(j + / + (i — 1) 



(A6) 
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